We investigate the coherent manipulation of interacting Rydberg atoms placed inside a highfinesse optical cavity for the preparation of strongly coupled light-matter systems. We consider a four-level diamond scheme with one common Rydberg level for N interacting atoms. One side of the diamond is used to excite the atoms into a collective 'superatom' Rydberg state using either π-pulses or stimulated Raman adiabatic passage (STIRAP) pulses. The upper transition on the other side of the diamond is used to transfer the collective state to one that is coupled to a field mode of an optical cavity. Due to the strong interaction between the atoms in the Rydberg level, the Rydberg blockade mechanism plays a key role in the quantum state synthesis of the atoms in the cavity. We use numerical simulation to show that non-classical states of light can be generated and that the state that is coupled to the cavity field is a collective one. We also investigate how different decay mechanisms affect this interacting many-body system. We also analyze our system in the case of two Rydberg excitations within the blockade volume. The simulations are carried out with parameters corresponding to realizable high-finesse optical cavities and alkali atoms like rubidium.
I. INTRODUCTION
We investigate using Rydberg atom interactions to synthesize collective quantum states that can be strongly coupled to an optical cavity for applications in quantum information science and the production of quantum light fields. The method enables a single or several collective excitations to be prepared in a high-finesse optical cavity. The number of excitations is precisely controlled so that photon number states can be produced using the coupled atom-cavity system. The system we describe in this paper differs from typical Jaynes-Cummings (JC) and Tavis-Cummings (TC) physics in that strong atom-atom interactions play a key role in the initial state preparation.
Rydberg atoms have many exotic properties. For example, Rydberg atoms are large, interact strongly with one another, have relatively long lifetimes, and can be manipulated with external electric and magnetic fields [1] . Particularly important to the work presented in this paper, the interactions between ultracold Rydberg atoms can be larger than typical frequency stabilized laser spectral bandwidths and kinetic energies at distances of over 10 µm [2, 3] . The interactions can be manipulated easily with electric fields relative to valence states [4] .
Rydberg atom blockade is a result of the strong interactions between Rydberg atoms.
In Rydberg atom blockade, the long range interactions between Rydberg atoms suppress multiple excitations in a volume in which the interactions are large enough to shift the excitation laser out of resonance with the Rydberg atom transition frequency [5, 6] . It has been realized over the last 15 years that Rydberg atom blockade is useful for a host of applications, particularly in quantum optics and quantum information science. Rydberg atom blockade can be used to control quantum dynamics and prepare interesting quantum states [7] [8] [9] . Rabi oscillations have been observed in effective two-level ultracold Rydberg atoms [10] [11] [12] [13] [14] [15] demonstrating long coherence times and collective behavior. Collective Rabi oscillations on Rydberg transitions have even been observed in a thermal rubidium (Rb) vapor on a time scale below 1 ns [16] .
Atoms contained in cavities, both optical and microwave, have been important systems for investigating the quantum-classical boundary in physics. The ability to entangle atoms with light presented by cavity quantum electrodynamics has also served as a model system for applications in quantum information science [17, 18] . A cavity quantum electrodynam-ical system with a single excitation or controlled number of excitations is useful both for fundamental studies [19] and applications that use quantum behavior, particularly those involving quantum entanglement [20] [21] [22] . Entangled states can be created between distant atoms in one cavity or separate cavities [23] [24] [25] [26] [27] . Trapping of a single atom in a high-finesse optical cavity has been achieved [28, 29] . However, it is technically challenging to couple the light in the cavity to a single atom because of the small absorption cross-section [30] [31] [32] [33] .
The problem of small absorption cross-sections can be handled by using an atomic ensemble, where light more strongly interacts with collective atomic states.
In this paper, we theoretically show that one can excite collective N atom superposition states using Rydberg atom interactions. We observe √ N enhancement of the Rabi oscillations within the cavity showing that the collective state can be realized [34, 35] and analyze the decay mechanisms that affect this interacting many-body system. Enhanced spontaneous emission due to the Purcell factor helps to improve the efficiency of photon generation out of the cavity. The efficiency can be further enhanced by increasing the number of atoms.
We also show that by changing the chirping detuning of the laser excitation pulses in time, the single atom Rydberg blockade effect can be suppressed and we can create two Rydberg excitations within the blockade radius.
We use a four-level diamond type atomic scheme as shown in Fig.1 (b) . One side of the diamond is used to collectively excite the atoms to the Rydberg level using a pair of π-pulses or a pair of counter-intuitive stimulated Raman adiabatic passage (STIRAP) pulses with Rabi frequencies P 1 (t) and P 2 (t). By using a laser pulse, Ω(t), and the cavity coupling strength, g(t), the state of the collective atom-cavity system can be controlled.
Rydberg atom blockade plays an important role in this process since we are interested in cases where a single or controlled finite number of, coherently shared excitation(s) are produced in a collection of 5P 3/2 state Rb atoms. The N interacting atoms-cavity system is well within the reach of experimental realization [36, 37] . The system can be used to prepare single photons using a single excitation and more complex quantum light fields by preparing multiple excitations in the cavity.
Recently, a JC model in the optical domain has been proposed for investigating Rydberg blockaded atomic ensembles in a cavity. The transmission through the cavity was studied numerically by Monte-Carlo simulation [38] . In contrast to this work and others, our studies resemble a pumping scheme for inverting the population of a laser, except the upper state of the lasing transition is prepared in a collective state. The pumping scheme is similar to a Raman or super-radiant laser and work done on low atom number masers and micromasers.
However, for these types of lasers and masers, the atoms are coherent but non-interacting [39] [40] [41] . Our approach is useful for single photon generation [42, 43] , as well as the generation of other types of quantum light fields, and coherent optical manipulation for quantum information processing [25, 26, [44] [45] [46] . The collective atom-cavity system can also be important for generating unique quantum states such as superposition states of the atomic ensemble [47, 48] . The approach does not require phase matching and it may be easier to use this system than those based on phase matching to create more elaborate quantum light fields [49] .
Creating arbitrary quantum light fields remains an important challenge for quantum optics, so it is useful to explore a wide range of different strategies. The method that we explore in this paper may have technological and experimental advantages because the collective state is prepared on a set of transitions which have significantly different excitation wavelengths, > 15 nm for all transitions in Rb, than the cavity mode to which it is coupled.
II. MODEL Fig. 1 shows a conceptual drawing of the experimental setup. The setup consists of a collection of atoms trapped in a high-finesse optical cavity. The atomic energy level scheme is a four-level diamond scheme with atomic states denoted by |g , |e , |s and |r . The Rabi frequencies are taken to be time dependent since we are concerned with applying pulses for the preparation of a collective state that we can couple to the cavity as well as with controlling the photons emitted from the cavity. The decay processes that we consider are also shown. We envision the atoms to be held in the cavity with a far off resonance dipole trap or a magnetic trap. The dipole trapping wavelength can ideally be set to a magic wavelength so that the transition frequency of the |g ↔ |e transition is fixed in the cavity.
We neglect the spatial variation of the cavity mode for simplicity. We discuss example design parameters later in the paper.
One side of the diamond is used to collectively excite the atoms to a Rydberg level using a pair of π-pulses or counter-intuitive STIRAP pulses with Rabi frequencies P 1 (t) and P 2 (t). P 1 (t) drives the |g ↔ |s transition, frequency ω gs , while P 2 (t) drives the |s ↔ |r transition, frequency ω sr . If the interaction between the Rydberg atoms is strong enough (b) Level scheme of a four-level atomic system driven by three laser pulses on transitions |g ↔ |s , |s ↔ |r and |r ↔ |e with Rabi frequencies P 1 (t), P 2 (t) and Ω(t), respectively. The transition |g ↔ |e is coupled to an optical cavity with coupling strength g(t). Γ r is the decay rate of the Rydberg state, Γ 0 is the spontaneous decay rate of the |e state and κ is the cavity decay rate.
so that the |g ↔ |r transition is tuned out of resonance after the first Rydberg excitation occurs, further population of |r is blocked.
The other side of the diamond system is used to produce a collective state that is close to resonance with a field mode of a high-finesse optical cavity. The optical cavity mode is coupled to the |g ↔ |e transition since the resonant frequency of the cavity, ω c , is assumed to be close to the atomic transition frequency, ω ge . The control laser is treated classically and has a frequency ω l that couples to the |e ↔ |r transition at frequency ω er with a Rabi frequency Ω(t). The cavity field is treated as a quantum field. The single atom states of the coupled atom-cavity field system are products of |e or |g each coupled to a ladder of photon number states.
The density matrix equations are not easily solvable for an arbitrary number of atoms because the number of states increases dramatically with N . One way to reduce the basis set size in a many-body system is to use a mean-field approximation. For an ultracold Rydberg gas this means each highly excited atom shifts the Rydberg levels of surrounding atoms out of resonance with the laser field [50] . In this approach, atomic coherence is damped out and the quantum master equations reduce to many-body rate equations. This method is useful for understanding excitation suppression due to Rydberg atom blockade in cold gases [51] . A second way to practically address the increasing basis set size is to utilize the idea of local blockade and truncate the basis set when the number of excitations in the system exceeds some limit [52, 53] . The second method is appropriate when the system dynamics are constrained to a subspace of the complete basis. The Rydberg atom dipole blockade effect naturally justifies this approach. In the spirit of the latter approach, we carry-out our calculations in a truncated Hilbert space, similar to that used by Saffman and Walker [54] .
The interaction Hamiltonian for N atoms with truncated Hilbert space bounded by the two Rydberg excitations on the excitation side of the diamond system is
where
and
To prepare the initial collective excitation of the atoms, P 1 (t) and P 2 (t) are detuned from the atomic transition as shown in Fig. 1 . ∆ s is the detuning of the intermediate level |s , assumed to be fixed in time, and ∆(t) is the detuning of the Rydberg level |r . The one photon detuning ∆ s is taken to be larger than either of the excitation Rabi frequencies for excitation by π-pulses, i.e. ∆ s ≡ ω s − ω g − ω p 1 > P 1 (t), P 2 (t) and the detuning satisfies the two photon condition,
Under these circumstances, the residence time in level |s is small and |s can be adiabatically eliminated. For STIRAP pulses, the one photon detuning ∆ s has a very small effect and the conditions needed are the 2-photon resonance between initial and final states and adiabatic evolution of the pulses. The adiabatic approximation means that the Rydberg state excitation could be replaced by a single photon excitation in this setup. However, most ultracold Rydberg work uses a 2-photon scheme like this one and a 2-photon excitation from the ground state of an alkali atom allows access to nS states which generally have simpler interactions or nD states. In the case of π-pulses, the resulting Hamiltonian on the excitation side of the diamond system becomes,
The first three terms in H ef f 1 are diagonal and represent Stark shifts of |G , |R and |RR due to the laser fields. The Stark shift of state |RR is not important for the single Rydberg excitation case because it is much smaller than the Rydberg atom interaction we require.
The other shifts can be compensated by using detuned lasers, so we ignore these diagonal terms and obtain the following effective Hamiltonian for the excitation side of the diamond system,
A similar Hamiltonian applies for the case of STIRAP. The Hamiltonian for the emission side of the diamond system for N interacting atoms with truncated Hilbert space bounded by the two Rydberg excitations is
where Ω(t) is the Rabi frequency of the control laser,Ĉ † is the creation operator for the near resonant cavity mode, ∆ c is the cavity detuning, g(t) is the coupling strength of the cavity and
|E and |EE are the collective states we are interested in preparing in the cavity [55] .
Although much of the interesting physics in this system is due to the cavity quantum electrodynamical system, it is important to note that we are also addressing the preparation of the atomic collective state and the effect of several different decay mechanisms. As a result, both H 1 and H 2 are important.
First, we show that a collective Rydberg excitation of N atoms can prevent a second Rydberg excitation. The volume over which a single excitation is probable is called the blockade volume. In our calculations, we assume that the interaction volume is less than the blockade volume. This allows for the modeling of the blockade effect through a straightforward detuning of states with more than a single Rydberg excitation. The level shift between a pair of atoms in Rydberg states i, j is given by
where two types of simplified interatomic interactions can be considered: (a) dipole-dipole interaction where p = 3, and (b) Van der Waal's interaction where p = 6. We take the
Hamiltonian for atom-atom interaction to be
The condition that all atoms in the interaction volume lie within the blockade volume translates to
where P 1,2 (t) are the Rabi frequencies which coupled the transitions |g ↔ |s and |s ↔ |r , respectively, and Γ s is the spontaneous decay rate of the intermediate state |s . The situation where all atoms are within a blockade volume can be realized using sufficiently narrow bandwidth lasers to form an interaction volume with Rydberg atom interactions strong enough to satisfy Eq. 19. In this work, the atoms are also assumed to be cold enough that they can be approximated as stationary, or frozen in space. These ideas are extendable to countable numbers of excitations by increasing the interaction volume or decreasing the blockade volume. We also consider the case where we want to compensate the shift due to the one Rydberg excitation blockade i.e. ∆ R . This shift can be compensated by changing the time dependent detuning ∆(t) of the excitation fields, so that we can excite two Rydberg atoms in the blockade volume. More elaborate states can be created by, for example, applying more pulses to create several collective excitation states, as we consider later in the paper. Note that for 2 excitations, rather flat avoided crossings that occur in Rydberg atom interactions can be used to create 2 excitation states with little spatial correlation [4, 56] . Generally, multiple excitation states within the blockade volume and states consisting of more than 1 superatom will have spatial correlations [57] [58] [59] [60] .
The total Hamiltonian of the N atom system coupled to the cavity is
The density matrix operatorρ of the N interacting atoms and all the fields obeys Liouville's equation
where the important decays are due to spontaneous emission from |e and |r and loss from the cavity. These effects are included in the second term of the equation using the Lindblad operator L. Lρ can be written as
with
where Γ r is the Rydberg state decay rate, Γ 0 is the spontaneous emission outside the cavity mode into a dummy state |l, 0 , Γ p is the enhancement of the spontaneous emission due to the Purcell effect and κ is the cavity decay rate. L {r,0,p,κ} are the Lindblad generators for the different decay mechanisms. The black body radiation decay rate on the Rydberg state is very small (Γ bb /2π ∼ 0.2 kHz for n = 90) compared to the spontaneous emission rate at the large principal quantum number n, where the interactions are strongest. Consequently, we ignore black body radiation decay into a dummy state [61] . The spontaneous emission decay rate of the cavity excited state is Γ 0 /2π = 3 MHz and the Rydberg state decay rate is Γ r /2π ∼ 1.4 kHz for principal quantum number n = 90, for example.
The rate of spontaneous emission can be enhanced by the interaction of atoms with a matched resonant cavity. The enhancement is given by the Purcell factor [62] ,
where the mode volume is
beam waist is
and the finesse is
Here R 1 and R 2 are the reflectivities of two mirrors, R c is the radius of curvature of the mirror, L c is the cavity length and λ is the wavelength of the cavity mode. As a realizable example, we take R 1 = 0.999985 and R 2 = 0.99985 with radius of curvature R c = 25 mm.
With these parameters, we can obtain a finesse F ≈ 3. For our numerical calculations, we use parameters, such as those outlined in the prior paragraph, that have been achieved in recent experimental setups [8, 9, 15, 37] and choose Rb for our atom. The time variation of the electric field of the laser pulses is of the form,
where A 0 is the amplitude, t 0 is the time when the pulse reaches its maximum value and τ is the pulse width. τ −1 is taken to be smaller than the shift due to the interaction of Rydberg atoms ∆ R . To reach the strong coupling regime, we can achieve a cavity coupling
≈ 2π×7 − 20 MHz for the cavity parameters described previously.
The cavity decay rate is κ = 0.1g 0 − 0.3g 0 . We first concentrate on numerical results corresponding to conditions near the strong-coupling regime i.e. g 0 >> κ, Γ 0 , Γ r . In our the atom numbers considered in this paper. Small atom numbers, as studied here, can be generated by decreasing the trap density.
III. FEW ATOMS-CAVITY SYSTEM
First, for low N and a target of a single Rydberg interaction, we consider the possibility of 2 Rydberg excitations occurring in our system. In these calculations, we verify that, for ∆ R >> 0 and ∆ = 0, there is insignificant leakage out of the Hilbert space bounded by a single Rydberg excitation. For calculations with N ≥ 3, we use these results to justify the truncation of the Hilbert space at the 2 Rydberg excitation level. These results are also supported by numerical results of many other works done on Rydberg blockade. In these studies it is demonstrated that a large probability (> 0.98) for single Rydberg excitation of a superatom can be achieved while the probability of multiple excitations is negligible [46, 63, 64] . The first element of the ket represents the atomic state of the first atom, the second element represents the atomic state of the second atom, and the third element is the Fock, or photon-number, state of the near resonance mode of the cavity. We assume the cavity mode starts in the vacuum state. This Hilbert space is complete. Using Eq. 21, we can evaluate the probability of finding atoms in different states under different excitation conditions by manipulating the laser pulses by changing their timing and shape. In contrast to the 2 atom case, for 3 interacting atoms, we truncate the Hilbert space by excluding states with more than 2 excitations. The excitation scheme for this system is shown in Fig. 4 . The Hamiltonian of this system evolves in the following Hilbert state space, In Fig. 5 , we show the results for N = 1 − 3 atoms with one Rydberg excitation. The model is efficient for investigating the case of N > 3, but here we focus our attention on a few interacting atoms within the cavity. The time dependence and peak amplitudes of Rabi frequencies are shown in Fig. 5(a-c) , while the probabilities |A i | 2 for various states are shown in Fig. 5(d-i) . The Rydberg atom interaction shift ∆ R = 240 MHz. For N = 1 and N = 2, the results are exact within the bounds of the model. To evaluate the solution for N ≥ 3, we ignore the higher order excitation states. For N ≤ 3, the population in the states |g, r, r, 0 , |r, g, r, 0 , and |r, r, g, 0 is < 0.0015, justifying the truncation at the 2 excitation level for the work addressed in this paper.
IV. NUMERICAL RESULTS
To study the dynamics, we first numerically investigate the preparation of a single collective excitation and the observation of a √ N enhancement of the Rabi oscillations of the superatom in the cavity. Collective states coupled to the cavity will exhibit a √ N enhancement in their effective atom-cavity Rabi frequency, √ N g 0 . We model spontaneous emission from the excited state, |e, 0 , decaying outside the cavity by using a dummy state with no photons in the cavity i.e. |l, 0 .
For N = 1, we used two π pulses, P 1 (t) and P 2 (t), applied at the same time to prepare an atom in the Rydberg state. Subsequently, a control laser pulse with Rabi frequency Ω(t) is turned on to transfer the atom to the atomic state that is near to resonance with the cavity.
The cavity coupling strength g(t) is held constant to observe Rabi oscillations as the atom and cavity exchange the excitation. The population oscillates within the cavity between states |E, 0 ↔ |G, 1 . Due to the cavity decay rate, κ = 0.1g 0 , these oscillations decay with time [65] . For N = 2 and N = 3, two counter-intuitive STIRAP pulses [63, 64] with pulse areas of π were used to create a collective state with a single Rydberg excitation. We also slightly increased the amplitude of the control laser pulse Ω 0 to optimize the transfer probability. In is only a single excitation prepared in the cavity and it collectively interacts with the cavity field. In Fig. 5(g-i) , we can see that the probability of populating the cavity ground state is increased with increasing number of atoms. For N > 1, due to imperfect π-pulses, the population returning to the Rydberg state increases and the population decaying to the dummy state |l, 0 decreases. These results suggest that the probability of populating the cavity ground state depends on the number of atoms and the spontaneous emission out of the cavity. As we increase the spontaneous decay into the cavity mode, it, not surprisingly, makes the photon production from the cavity more efficient.
The spontaneous emission into the cavity mode can be enhanced by the Purcell factor.
In Fig. 6 , we show the results for N = 1 − 3 atoms including the Purcell factor. The time dependence and peak amplitudes of the Rabi frequencies are shown in Fig. 6(a-c) , while the probabilities |A i | 2 for various states are shown in Fig. 6(d-i) . The Purcell factors used are Γ p = 10 in Fig. 6 (d-f) and Γ p = 20 in Fig. 6 (g-i), which are relevant for the cavity parameters shown in Fig. 2 . In Fig. 6(d-i) , the Rabi oscillations between |E, 0 and |G, 1 cannot be observed due to the Purcell effect. |G, 1 decays and produces a photon that escapes the cavity. As we increase the value of the Purcell factor for a given number of atoms, the population of the |l, 0 state decreases and enhances the population of the cavity ground state. If we increase the number of atoms for a given Purcell factor, we also observe that the ground state population is increased. Thus, the increase in Purcell factor and number of atoms plays a constructive role in increasing the efficiency of photon production. As the cavity decay rate is increased, the Rabi oscillations are more quickly damped out [66] . However, increasing the number of atoms enhances the oscillations by the √ N factor as shown in Fig. 7(a-c) . These oscillations are further enhanced by detuning the cavity [67] at the expense of a decreasing probability amplitude for photon production as shown in Fig. 7(d-f) , as expected from the Jaynes-Cummings model.
In the weak cavity coupling regime, Γ 0 > g > κ, we observe similar results to those shown in Fig. 5 and Fig. 6 . Fig. 8 shows results for a weak cavity coupling strength i.e. Γ 0 > g > κ with N = 3 interacting atoms. Fig. 8(d) shows the probability of the states for Γ 0 = 0.
In this case, we observe oscillations between states |G, 1 ↔ |E, 0 . As these oscillations are damped out, the population of the cavity ground state increases. Fig. 8(e) shows the probability of states for Γ/2π = 3 MHz. In this case, some population leaks into the |l, 0 state and some population returns to the |R, 0 state. The Purcell factor improves the photon efficiency in the system because it helps to decrease the population of the unwanted states, just as in the case of strong coupling. Fig. 8(f) shows the probability of states with a Purcell factor Γ p = 10.
The rate of single photon emission efficiency for a given number of atoms versus time is shown in Fig. 9 with cavity decay rate κ = 0.1g 0 . Fig. 9(a) shows the photon emission without spontaneous emission i.e. Γ 0 = 0 and Purcell factor Γ p = 0. In this case, we observe oscillations in the photon emission and that the oscillations are enhanced √ N . Fig. 9(b) shows the photon emission results with spontaneous emission Γ/2π = 3 MHz but without Purcell factor i.e. Γ p = 0. In this case, the amplitude of the photon emission decreased and the oscillation damped out quickly with respect to Fig. 9(a) . In Fig. 9(c,d) We can also investigate the more complicated situation where two Rydberg atoms are excited within the blockade radius. The level scheme for this case is shown in Fig. 10 . Using a sequence of pulses with effective Rabi frequencies S 1 (t) and S 2 (t) while changing the one photon Rydberg level detuning ∆(t) to compensate the blockade shift ∆ R , we can excite two Rydberg atoms into the state |RR, 0 [68, 69] . Then we have two channels: (1) |RR, 0 → |ER, 0 → |EE, 0 → |E, 1 → |G, 2 and (2) |RR, 0 → |ER, 0 → |R, 1 → |E, 1 → |G, 2 by which |G, 2 can be produced. By applying a control laser pulse with Rabi frequency Ω(t) and switching on the cavity coupling strength g(t), we can observe emission of two photons from different atomic dipoles out of the cavity mode. By using Eq. 21, we can calculate the photon correlations. In Fig. 11(a) , we show the Rydberg blockade shift and one photon detunings on the excitation side of the diamond system for N = 2 interacting atoms. Fig. 11 (b,c) shows the Rabi frequencies versus time. Rabi frequencies S 1 (t) (S 2 (t)) excites the first (second) excitation. The cavity decay rate is κ = 0.1g 0 . In Fig. 11(d,f) , we consider Γ 0 = 0 and Purcell factor Γ p = 0. In these two plots, we can see that a 1 Rydberg excitation state is generated by using an effective Rabi pulse S 1 (t). Subsequently, by applying another effective Rabi pulse S 2 (t), we can generate a 2 Rydberg excitation state. After that, by using control laser pulse Ω(t) with cavity coupling strength g(t), the population oscillates between states |E, 0 ↔ |G, 1 and |EE, 0 ↔ |E, 1 ↔ |G, 2 . Fig. 11 (e, g) corresponds to spontaneous emission Γ/2π = 3 MHz and Purcell factor Γ p = 10. In this case, we can populate the 2
Rydberg excitation state and observe the photons emitted from the cavity. We see that the photons are quickly emitted from the cavity and photon emission is improved with Purcell factor enhancement, as expected.
In Fig. 12 , for N = 3 interacting atoms, the detunings and blockade shift are the same as in Fig. 11 . Similar to Fig. 11 , we observe oscillations for Γ 0 = 0 and Purcell factor Probability of finding atoms in |E, 1 (black line), |G, 2 (red dotted), |R, 1 (blue dashed), |E, 0 (magenta dot-dashed), |G, 1 (green dotted), |l, 0 (brown dashed). Other parameters are the same as in Fig. 11 .
Γ p = 0. As we include both decays, the photons are quickly emitted from the cavity and some population decays into the dummy state |l, 0 . Here we also see that as we increase the number of atoms the photon emission probability is enhanced.
The expectation value of the dipole-dipole correlation for the case of two Rydberg excited atoms is shown in Fig. 13 . This quantity is given by
and measures the cross-correlation existing between the dipoles belonging to the two atoms [65], where |Ψ is given by Eq. 34. D Fig. 13(a,b) , we see that the dipoles are correlated, oscillating in time. The oscillations are larger for a lower value of cavity decay rate. The laser pulses and cavity coupling with time are the same as shown in Fig. 5(a) . When we include the Purcell factor, the oscillations are quickly damped. With increasing Purcell factor, the amplitude of the dipole-dipole correlation is enhanced. This effect is shown in Fig. 13(c,d) . The laser pulses and cavity coupling are same as shown in Fig. 6(b) . The second order correlation function of photons emitted by two different atoms is given by
where subscript i, j represents the i th , j th atoms respectively. If Log[g (2) ij ] > 0, radiated photons tend to be bunched while if Log[g (2) ij ] < 0, then the photons are anti-bunched. This function is plotted in Fig. 14 without spontaneous emission and Purcell factor as a function of time. In Fig. 15 , we plotted this function with spontaneous emission and Purcell factor as a function of time.
To define the entanglement and purity of the quantum systems, there are several measures. One of them is the von Neumann entropy of the quantum system. This is a very sensitive measure of the purity of the quantum system and it determines the degree of correlation between the atoms and photon states [70] [71] [72] . The von Neumann entropy of the atoms-cavity system can be defined as
with density operator
where the η j 's are the diagonalised eigenvalues of the system and j is the number of states in the Hilbert space. Since our system is multi-partite, and there is no general measure to study the entanglement for multi-partite system, we approximate our system as a bipartite system of atoms and photons. Then, the sum of the entropies of the sub-systems atoms S(ρ a ) and photons S(ρ p ) should be larger than the total entropy of the system, i.e. S(ρ a ) + S(ρ p ) ≥ S(ρ). The bound for the entropy for these two interacting sub-systems can be defined by the Araki and Lieb [73] triangle inequality,
The total entropy of the system is plotted in Fig. 14 and Fig. 15 without and with spontaneous emission and Purcell factor versus time. In Fig. 14 , we consider that the spontaneous emission Γ 0 = 0 and Purcell factor Γ p = 0. Fig. 14(a,b) shows the rate of photon emission efficiency for two interacting Rydberg atoms with two excitations for cavity decay rates κ = 0.1, 0.2, 0.3g 0 and κ = 0.5, 1, 2g 0 . In Fig. 14(a) we observe oscillations in the photon emission due to the phases of the dipoles/photons. These oscillations decrease with increasing cavity decay rate i.e. the photon emission probability is enhanced initially and then damps quickly because of the cavity decay rate κ. In Fig. 14(b) the cavity decay rate is equal to or larger than the coupling strength g 0 /2, so the photons are quickly emitted out of the cavity mode and the peak photon emission probability decreases in time with increasing cavity decay rate κ. The logarithm of second order correlation function Log[g (2) ij ] is plotted as a function of time in Fig. 14(c,d ) with cavity decay rates κ = 0.1, 0.2, 0.3g 0 and κ = 0.5, 1, 2g 0 . In these cases, we observe the value of Log[g (2) ij ] is greater than zero for longer time, indicating the emission of photons is bunched for significant periods of time.
The insets of the Fig. 14 (c,d) show a value of Log[g (2) ij ] function smaller than zero, showing that the photons are anti-bunched for small time intervals. When we increase the cavity decay rate κ, the anti-bunching reduces as shown in the inset of Fig. 14 (c) . Increasing the cavity decay rate, κ, larger than the coupling strength g 0 /2, increases the anti-bunching as shown in the inset of Fig. 14 (d) . Fig. 14(e,f) shows the variation of total entropy with cavity decay rates κ = 0.1, 0.2, 0.3g 0 and κ = 0.5, 1, 2g 0 . As photons are emitted from the cavity the entropy of the system first increases but then decreases due to the loss of the photons. In Fig. 14(e) , the entropy of the system initially starts increasing as the cavity decay rate increases, but after the complete emission of the photon, it starts decreasing with cavity decay rate. When the cavity decay rate is equal to or larger than the coupling strength g 0 /2, as shown in Fig. 14(f) , the entropy of the system decreases as the cavity decay rate increases. In this case, we haven't considered any spontaneous emission into the dummy state or the system, the entropy of the photonic sub-system has reached zero with time as the cavity decay rate increases. We can understand the entropy dependence on the cavity decay rate by recognizing that after the complete emission of the photons the system is in a pure entangled atomic state [74, 75] .
In Fig. 15 we consider that the spontaneous emission Γ/2π = 3 MHz and Purcell factor Γ p = 10. Fig. 15(a,b) shows the rate of photon emission efficiency for two interacting Rydberg atoms with two excitations for cavity decay rates κ = 0.1, 0.2, 0.3g 0 and κ = 0.5, 1, 2g 0 respectively. In Fig. 15(a) , due to the large Purcell factor, we observe no oscillations in the photon emission and the emission probability increases with increasing cavity decay rate κ.
Similarly, in Fig. 15(b) the emission probability increases with increasing cavity decay rate κ. The Log[g (2) ij ] correlation is plotted as a function of time in Fig. 15(c,d ) with cavity decay rates κ = 0.1, 0.2, 0.3g 0 and κ = 0.5, 1, 2g 0 . In these cases, we observe that the value of of the logarithm of second order correlation function Log[g (2) ij ] is always greater than zero. This shows that the emission of photons is always bunched. This is another indication that the Purcell factor helps to emit bunched photons i.e. the photons are emitted together out of the cavity. The total entropy of the system is plotted in Fig. 15 (e,f) with cavity decay rates κ = 0.1, 0.2, 0.3g 0 and κ = 0.5, 1, 2g 0 . We can see that due to the Purcell factor, the entropy of the system decreased with increasing cavity decay rate and stabilizes with time for larger values of the cavity decay rate. In this case, due to the spontaneous emission into the dummy state |l, 0 , the entropy of the photonic sub-system did not reached zero.
This means that the system is still in a mixed state because a small fraction of the photon probability remains in the system and interacts with the atoms, similar to the JC model.
V. DISCUSSION
In the literature, there are several different ways to generate single photons [42, 43, [76] [77] [78] .
One way is by using four-wave mixing [49] . The scheme we have investigated in this work is superficially similar to the four-wave mixing method because of the atomic level scheme. One fundamental difference is that the method described here does not require phase matching.
In the four-wave mixing method, the phase matching condition needs to be fulfilled to observe the photon which will be emitted in a diffraction-limited solid angle. The scheme described in this paper uses an alternative way to generate single photons by preparing a single collective state using Rydberg atom blockade in a cavity. This approach enables single excitations to be created in the cavity with enhanced coupling to the cavity. The multi-atom system is a generalization of the JC model but includes interactions between the atoms to prepare the initial state of the atom-cavity system. The lasers are time dependent in such a way that the preparation, control and cavity field are not present at the same time.
Technologically, Rydberg blockade allows one to control the number of excitations in the cavity and the cross-section for coupling to the cavity is enhanced by the collective nature of the initial state. This addresses some of the problems inherent in trapping single atoms in an optical cavity to generate single photons. The diamond configuration enables one to isolate the quantum state preparation steps from the single photon output. The output is in a single mode determined by the properties of the optical cavity.
A similar atomic level scheme has been studied for collective excitation for Raman and super-radiant lasers [39] [40] [41] . In these systems, N atoms are excited collectively without considering atom-atom interactions. Our model shares the structure of the excitation scheme, but Rydberg blockade prepares an N atom entangled state with a controlled number of excitations or controlled number of singly excited superatoms more generally with associated spatial correlations. This is quite different from these other laser systems as our approach produces a state similar to a micromaser but with deterministic control over the number of excitations in the cavity. The system we described can be useful for studying super-radiant behavior because of the collective state that can be initially prepared. The cavity coupling can be used to analyze the radiation [65] .
Most of the models discussed previously for Rydberg atoms in a cavity used ground state atoms as a initial state. If we consider the excited state as a initial state of the collective atom-cavity system then enhanced spontaneous emission into the cavity mode due to the Purcell effect from the excited state plays a constructive role in photon generation [65] .
The JC model for the atoms initially in the ground state in an optical cavity with a single Rydberg excitation as an essential piece of the dynamics has been proposed in Ref. [38] .
This model is different from our approach. In our model, we first excite a single collective state by using the Rydberg blockade mechanism and then by manipulating a control laser field, generate photons from the cavity. In addition, the preparation lasers are all far detuned from the cavity field frequency.
We also analyzed the system for the case of two Rydberg excitations within the blockade volume. In this case, we observed interesting dynamics and analyzed the correlation between two atoms and the photons emitted from the cavity. We observe that the probability of the photon emission is initially high and decreases in time, due to the cavity decay rate.
Similarly, the entropy of the system decreases with time, while the second order correlation function of the photons emitted by the 2 collective excitations is enhanced. The efficiency of photon production is also enhanced by increasing the number of atoms and Purcell factor.
VI. CONCLUSIONS
We have investigated a four-level system of N entangled atoms placed inside a high-finesse cavity. The Rydberg blockade mechanism plays an important role in preparing the atoms in the collective state. We have used numerical simulation to show that one can excite collective N atom superposition states using Rydberg blockade and laser pulses. We have observed √ N enhancement in Rabi oscillations within the cavity and have analyzed how the decay mechanisms affect this interacting many-body system. The fact that Rabi oscillations whose frequency scales with √ N were observed shows that a coherent superposition can be formed using the pumping scheme described in the paper. The scheme is useful for the generation of single photons as well as other types of quantum light fields. It could also be useful for coherent optical manipulation in quantum information processing and the study of interesting quantum optical phenomena such as superradiance [79] . We have also analyzed our system in the case of two Rydberg excitations within the blockade volume.
In this case, we have observed interesting dynamics and analyzed the correlation of the 2 photon emission. By using the Purcell factor, we can increase the efficiency of the photon emission, in all the cases considered in the paper. This system merits further theoretical and experimental study because it demonstrates flexibility for synthesizing quantum collective states that can be analyzed by interrogating the photons leaving the cavity.
